This paper deals with the time-dependent Ginzburg᎐Landau equations of superconductivity in three spatial dimensions. The uniqueness of global weak solutions is established for this model with initial data of the order parameter in L 4 and magnetic potential in L 3 .
INTRODUCTION
In the present paper, we establish the uniqueness of weak solutions to Ž . the time-dependent Ginzburg᎐Landau TDGL for short model of superconductivity in three spatial dimensions. The TDGL equations characterize the behaviour of superconductivity materials and have been used to study, both analytically and numerically, the motion and interaction of vortex-like structures in superconductors. This model involves three unknown functions. A complex valued function : ⍀ ª C is the order parameter; a vector valued function A: ⍀ ª R d is the magnetic potential; a scalar valued function : ⍀ ª R is the electric potential. Here the domain ⍀ is a smooth bounded domain in 
Ž .
where is the nondimensional diffusivity, and is the Ginzburg᎐Landau parameter. Also, H is the applied magnetic field, and U is the complex conjugate of . For physical background about the TDGL equations we w x refer the readers to 1᎐3 .
Obviously, the TDGL model given above is not well posed, since there are three unknown functions in the two coupled equations. However, this model possesses a gauge invariant property from which we can find a third Ž . equation. This gauge invariance can be stated as follows: if , , A is a Ž . Ž . solution of system 1.1 , 1.2 , then for any smooth function ,
is also a solution. Therefore, by suitably choosing the function , we can w x get a relation between the unknown function and A; see, e.g., 4᎐9 for more details.
With suitable gauge choices, various properties of solutions for the w x TDGL model have been investigated in many works such as 4᎐15 and the references therein. In particular, the existence and uniqueness of solutions Ž . Ž . w x for systems 1.1 , 1.2 have been studied in 4᎐6 . In these articles, the authors assumed that the initial data of the order parameter satisfied of magnetic potential in L p with p G 3. The uniqueness results rely on detailed a priori estimates on the solutions which will be derived in Section 3.
The outline of this paper is as follows. In Section 2, we state our main result, that is, the uniqueness of weak solutions in L p space. Section 3 contains detailed a priori estimates on solutions. We first establish a priori bounds on the order parameter and then on the magnetic potential A. In Section 4, we present the proof of our main result.
THE MAIN RESULT
In this section, we consider the TDGL equations with a fixed gauge.
Ž w x. Here we adopt the Lorentz gauge s ydiv A see, e.g., 4, 5 ; then Eqs. Ž .
Ž . 1.1 and 1.2 reduce to a system of equations for and A:
Ž . Ž . The system 2.1 , 2.2 is supplemented with the periodic boundary conditions 3 and
and the initial conditions We now introduce the weak form of the TDGL equations as follows. 
Then, we have the following main result. 
per per
We remark that the existence of global weak solutions for the TDGL p w x equations with L initial data was shown for p G 4 in 15 and for p G 3 w x in 16 , respectively. Therefore, in the sequel, we only need to show the uniqueness of L p weak solutions. Ž For our purpose, we recall the following interpolation inequality see w x. 17 :
Then the inequality
A PRIORI ESTIMATES
In this section, we derive a priori estimates on solutions of problems Ž . Ž . 2.1 ᎐ 2.4 which are needed to show the uniqueness of solutions in the next section. We first establish a priori bounds for the order parameter , and then for the magnetic potential A. We begin with the following lemma.
where C T depends on T and
Proof. Taking the real part of the L L inner product of 2.1 with , we find that
Ž .
H ž / ⍀
The last inequality is obtained by
Ž . Ž .
Due to 2 1
we get that 2 1 4 6
Ž . Integrating 3.4 between 0 and T, we obtain that
which concludes the proof of Lemma 3.1.
there exists a constant C T depending on T and and A such that
Proof. Taking the inner product of 2.2 with A in L , we find that
H ž /
⍀ By the Gronwall lemma we infer that 
Ž . The last inequality is obtained by Lemma 3.1. Integrating 3.5 and using Ž . 3.6 we have
Ž . 3.6 and 3.7 complete the proof.
there exists a constant C T depending on T and
and A such that
Proof. We shall denote by C any positive constants hereafter. Let
taking the inner product of 2.2 with A in L , we see that 3 3 2 n y 1 d
By the interpolation inequality, we have
6 n rŽ3 ny2. 6 n rŽ3 ny2. Ž 6 ny2.rŽ2 ny1.
5
3n y 2 3 n y 2 3.11
Ž .
The last inequality follows from
3n y 2 3n y 2 Ž . Ž . By 3.10 and 3.11 we get that
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Similarly, we havẽ 1q 2 n rŽ2 ny1.
6 n rŽ3 ny2. Ž 6 ny2.rŽ2 ny1. Ž .
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6 n rŽ3 ny2. 2 Ž6 ny2.rŽ2 ny1. resulting inequality is bounded with respect to n, we claim that there exists a constant C independent of n such that
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By the Gronwall lemma, we get that 14 between 0 and T, then letting n ª ϱ and using 3.16 , we find that 
there exists a constant C T depending on T, , and A such that
To estimate the above inequality, for fixed i s 1, 2, 3, we set¨s A , 
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we see that
Similarly, From 3.18 , 3.19 , 3 .24 , and 3.25 we claim that
By the Gronwall lemma we infer that
Ž . 
PROOF OF THE MAIN RESULT
In this section, we will use the estimates in Section 3 and present the Ž . Ž . proof of Theorem 2.1. In the sequel, we assume that , A and , A 
2
Taking the real part of the inner product of 4.2 with in L L , we find that Ž . Ž . 
Ž .
which completes the proof.
We remark that the most difficult term in the above proof is Ž .
H
And thus repeating the above procedure, we can easily deduce that 
